We present a general theory of the superconductive proximity effect in disordered normal-metalsuperconducting ͑N-S͒ structures, based on the recently developed ͓M. V. Feigel'man et al., Phys. Rev. B 61, 12 361 ͑2000͔͒ Keldysh action approach. In the case of the absence of an interaction in the normal conductor we reproduce known results for the Andreev conductance G A at an arbitrary relation between the interface resistance R T and the diffusive resistance R D . In two-dimensional N-S systems, the electron-electron interaction in the Cooper channel of a normal conductor is shown to strongly affect the value of G A as well as its dependence on temperature, voltage, and magnetic field. In particular, an unusual maximum of G A as a function of temperature and/or magnetic field is predicted for some range of parameters R D and R T . The Keldysh action approach makes it possible to calculate the full statistics of charge transfer in such structures. As an application of this method, we calculate the noise power of an N-S contact as a function of voltage, temperature, magnetic field, and frequency for arbitrary Cooper repulsion in the normal metal and arbitrary values of the ratio R D /R T .
I. INTRODUCTION
The essence of the superconductive proximity effect is the existence of Cooper correlations between electrons in normal metal in contact with a superconductor. The microscopic mechanism leading to the proximity effect is Andreev reflection 2 of an electron into a hole at a normal-metalsuperconducting ͑N-S͒ interface. The probability of Andreev reflection ͑as opposed to normal reflection͒ and thus the strength of the proximity effect is determined by the transparency of the N-S interface, which may be relatively weak due to the presence of a tunnel barrier or mismatch between Fermi velocities of two materials. Disorder in the normal conductor near an N-S contact is shown theoretically [3] [4] [5] [6] to increase considerably the effective probability of Andreev reflection ͑see Ref. 7 for a recent review from the experimental viewpoint͒. However, when the normal conducting region is made of a dirty metal film or two-dimensional electron gas with low density of electrons, the Coulomb interaction in the normal region ͑neglected in Refs. 3-6͒ gets enhanced 8 and leads to strong quantum fluctuations which suppress the Andreev conductance. Several different kinds of quantum effects are known to be relevant in low-dimensional conductors at low temperatures. Quantum corrections to the conductivity of two-dimensional dirty conductors grow logarithmically as temperature T decreases and become large at ln(1/T)ϳg ͓where gϭ(ប/e 2 ) is the dimensionless conductance, is the conductance per square, and is the elastic scattering time͔. There are two main types of these effects: weak localization corrections, 9, 10 and interactioninduced corrections. 8 Other important quantum effects include interaction-induced suppression of the tunneling conductance ͑Coulomb zero-bias anomaly 8, 11 ͒ and disorderinduced suppression [12] [13] [14] [15] [16] of the superconductive transition temperature T c . The corresponding corrections are of the relative order of g Ϫ1 ln 2 (1/T), i.e., much stronger than the weak localization and interaction corrections.
In the previous paper 1 we have studied the influence of the last two effects on the Andreev conductance and the Josephson proximity coupling in S-I-N and S-I-N-I-S structures ͑where ''I'' denotes an insulating tunnel barrier͒. Using the renormalization group method, we have calculated both quantities including the region of strong fluctuations, ln 2 (1/T)уg. Cooper-channel repulsion was found to modify results of semiclassical calculations by the powerlaw factors ϰT 1/ͱg . The effects of the Coulomb zero-bias anomaly ͑in the case of an unscreened static Coulomb interaction͒ were found to be even stronger, the corresponding correction factor being of the order of exp͓Ϫ(1/4 2 g)ln 2 (⌬/T)͔, where ⌬ is the gap in the superconductive terminal. However, the results of Ref. 1 are limited to the lowest tunneling approximation, i.e., valid under the condition R T ӷR D , where R T and R D are the resistances of the tunnel barrier in the normal state and of the diffusive normal conductor, correspondingly. General semiclassical theory of N-I-S systems with arbitrary ratio R T /R D usually neglects interaction effects in the N part of the structure. [3] [4] [5] [6] The effect of the Cooper interaction ͑with strength ) on the Andreev conductance G A was studied by Stoof and Nazarov 17 for an N-S structure with the ideal interface and one-dimensional ͑1D͒ geometry of the normal wire, in the first order over . The relative correction to G A was found to be small, of the order of Ӷ1. The effects of the interaction upon noise in N-S structures had never been studied before, to the best of our knowledge ͑for a discussion of N-S noise in the absence of an interaction, see Refs. 18 and 19 and the review in Ref. 20͒ .
In this paper we generalize our approach 1 for the case of a strong proximity effect ͑arbitrary relation between R T and R D ), in the presence of Cooper interactions in the normal conductor. We calculate the Andreev conductance of 2D N-I-S structures ͑shown in Fig. 1͒ at low ͑compared to ⌬) temperature and voltages, as a function of tϭR D /R T and of the ''decoherence time'' of an electron and the Andreevreflected hole, ប/⍀ * , where ⍀ * ϭmax(T,eV,eDH/c). We demonstrate that the Cooper interaction effects in 2D are substantially different from the 1D case considered in Ref. 17 . In particular, at ⍀ * ӶE Th ϭបD/L 2 the lowest-order relative correction ␦G A /G A scales as ln L/d and grows with the size of the system L. We sum up the main logarithmic terms of the order of ( ln L/d) n and find that Cooper repulsion may lead to nonmonotonous dependence of G A on R D /R T and/or on the decoherence energy scale ⍀ * . Technically, our method is based on the Keldysh functional approach for disordered superconductors 1 ͑proposed previously for normal conductors in Ref. 21͒ . The basic object of this theory is the 8ϫ8 matrix field Q(t,tЈ;r) which depends on two time variables and one space coordinate. Its average value gives the electron Green function G(r,r) at coincident points. Fluctuations of the Q matrix describe slow diffuson and Cooperon modes of the electron system. In the case of spin-independent interactions, Q reduces to a 4ϫ4 matrix. This method seems to be more convenient than the replica functional approach [14] [15] [16] as it does not require a tedious analytic continuation procedure and allows for the direct study of nonequilibrium phenomena. In the limit R T ӷR D studied in Ref. 1, integration over diffuson and Cooperon modes reduces the problem to an effective action S prox ͓Q S ,Q N ͔ for the proximity effect, which contains two terms only, TrQ S Q N and Tr(Q S Q N ) 2 , describing transport of single electrons and Cooper pairs, respectively ͑here Q S and Q N correspond to the superconductive and normal boundaries of the system͒. At arbitrary relation between R T and R D , the proximity action contains an infinite series of terms, S prox ͓Q S ,Q N ͔ϰ ͚ nϭ1 ϱ ␥ n Tr(Q S Q N ) n . A set of parameters ␥ n can be conveniently parametrized via the 2-periodic function u(x)ϭ ͚ nϭ1 ϱ n␥ n sin nx that encodes amplitudes of processes of n-electron transfer through the system. The evolution of u(x) as a function of the ratio R T /R D is found with the use of the functional renormalization group method applied to the action S prox ͓Q S ,Q N ͔.
In this paper we will not consider the weak localization and interaction corrections assuming that the sheet conductance is relatively large, gӷln(L/d). We will also not take into account the effect of the Coulomb zero-bias anomaly ͑ZBA͒ on the Andreev conductance. The possibility of neglecting Coulomb ZBA effects while treating the Coulombinduced repulsion in the Cooper channel [14] [15] [16] is due to the fact that the specific form of the Coulomb ZBA depends crucially on the long-range behavior of the Coulomb potential, whereas renormalization of the Cooper-channel interaction depends on the short-distance Coulomb amplitude only. If long-range Coulomb forces are suppressed ͑i.e., by placing a nearby screening metal gate͒, the Coulomb ZBA effect may become weak, and the main effect comes from the short-range repulsion in the Cooper channel. This is the situation we are going to study in this paper. Another limitation of the present discussion is that we will consider the case of a two-dimensional geometry of the current flow between the superconductive and normal electrodes of the structure, as shown in Fig. 1 . This will make it possible to construct a unified functional renormalization group treatment that takes into account modifications of the proximity effect strength both due to multiple Andreev reflections and due to Cooper-channel repulsion.
Finally, we restrict our present discussion to a lowfrequency domain ӶD/L 2 . It can be shown that the frequency-dependent Andreev conductance G A () does not contain significant frequency dependence at scales уD/L 2 , due to the long-range nature of the Coulomb interaction which makes electron liquid effectively incompressible up to a much higher frequency scale defined by the inverse time of electric field propagation across the structure. However, the specific form of the proximity action S prox ͓Q S ,Q N ͔ as a linear combination of the traces of (Q S Q N ) n is valid only in the low-frequency domain. A general discussion of the action becomes much more involved in the high-frequency region, and we will postpone this subject for future studies.
The rest of the paper is organized as follows. In Sec. II we introduce the Keldysh -model action and describe a general scheme of expansion in terms of diffusive slow modes. Section III is devoted to the derivation of the functional renormalization group ͑FRG͒ equation for the case of noninteracting electrons in the normal conductor. It is shown that the resulting equation for the function u(x) which parametrizes the action exactly coincides with the Euler equation for the generating function of the transmission eigenvalues T j discussed in Ref. 22 . In Sec. IV we show how physical quantities such as conductivity and current noise can be expressed in terms of the function u(x). The main new results of the paper are presented in Sec. V. In Secs. V A and V B we derive an additional term in the FRG equation, which accounts for the electron-electron interaction in the Cooper channel. The solution of the full FRG equation and the corresponding results for the Andreev conductance are discussed in Sec. V C. The effect of an interaction upon the current noise is studied in Sec. V D. Section VI is devoted to the study of the dependence of the conductance and noise on temperature, voltage, and magnetic field, which suppress the Cooperon amplitude at the energy scale ⍀ * ϭmax(T,eV,eDH/c). It is shown in Sec. VI C that repulsion in the Cooper channel may lead to a nonmonotonous dependence of the effective interface resistance on ⍀ * . Section VII contains a discussion and conclusions. Some technical details are presented in Appendixes A and B. Appendix C contains an analysis of the Andreev conductance in a 2D S-I-N structure by means of the standard method of the Usadel equation in the presence of a Cooper interaction.
II. KELDYSH -MODEL ACTION
The Keldysh action for disordered N-S systems derived in Ref. 1 can be represented as a sum of the bulk and boundary contributions.
The bulk action S bulk is a functional of three fluctuating fields: the matter field Q(r,t,tЈ) in the film, the electromagnetic potential ជ (r,t), and the order parameter field ⌬ ជ (r,t) used to decouple the quartic interaction vertex in the Cooper channel:
where D is the diffusion coefficient in the film, is the density of states at the Fermi level per single projection of spin, and is the dimensionless coupling constant in the Cooper channel. Being a matrix in the time domain, Q(r,t,tЈ) is also a 4 ϫ4 matrix in the direct product K N of the Keldysh and Nambu spaces. Pauli matrices in the K and N spaces are denoted by i and i , respectively. The field Q satisfies a nonlinear constraint Q 2 ϭ1 and can be parametrized as Q ϭU Ϫ1 ⌳U where ⌳ϭ⌳ 0 z is the metallic saddle point and
͑2.2͒
The matrix F(⑀) introduced in Eq. ͑2.2͒ acts in Nambu space and has the meaning of a generalized distribution function. In equilibrium F(⑀)ϭtanh(⑀/2T), and its general form is F(⑀)ϭ f (⑀)ϩ f 1 (⑀) z , where f 1 (E) is the anomalous distribution function which is a measure of the branch imbalance. 23, 24 The object ជ ϭ( 1 , 2 ) T is a vector in Keldysh space, with 1 , 2 being the classical and quantum components of the field. They are given by the symmetric and antisymmetric linear combination of the fields on the forward ͑''f''͒ and backward ͑''b''͒ branches of the Keldysh contour: 1,2 ϭ( f Ϯ b )/2. In the Keldysh technique, external ͑nonfluatuating͒ fields ͑e.g., applied voltage͒ have only a classical component, while physical results can be obtained by taking derivatives with respect to the quantum component; cf. Sec. IV. Fluctuating fields have both components. J is a shorthand notation for the matrix J ϭ 1 0 ϩ 2 x in Keldysh space. Similarly, ⌬ ជ ϭ(⌬ 1 ,⌬ 2 )
T , and ⌬ J stands for a 4ϫ4 matrix
In Eq. ͑2.1͒, V 0 (q) is the bare static Coulomb potential between electrons in the dirty film. Below we will consider the situation when V 0 (q) is screened due to the presence of a nearby metal gate. In particular, if such a gate is situated at a distance b from the dirty film, parallel to it, V 0 (q)
As was discussed at length in Ref. 1, the effect of long-range fluctuations of the electromagnetic potential ͑which lead to the Coulomb zero-bias anomaly͒ is determined by the long-range part of the bare Coulomb interaction, and thus is suppressed once the Coulomb potential is screened, having the relative order of g Ϫ1 ln(8e 2 b)ln(1/⍀). We consider the case of a relatively short screening length b, and neglect long-range electric fluctuations and the Coulomb ZBA effects. On the other hand, Coulomb-induced repulsion in the Cooper channel 14, 15 does not depend on the long-range part of V 0 (q) and is left unchanged by the screening gate. It is this effect of interaction which we are going to consider in this paper.
In terms of the model ͑2.1͒, diffusionlike collective excitations of an electron system are described as slow fluctuations of the Q matrix over the manifold Q where the matrix u is defined as
͑2.4͒
Variables w i with iϭ0,z couple to diagonal in the Nambu space matrices and describe diffuson modes, while w j with jϭx,y couple to off-diagonal in the Nambu space matrices and correspond to Cooperon modes. Their propagators are given by
͑2.5͒
General contraction rules for averaging of ͗TrAW•TrBW͘ over W are listed in Appendix A. In two dimensions, the action ͑2.1͒ can be studied by the renormalization group approach.
15,1 At each step of the RG procedure one has to eliminate fast modes with either ⍀ ϩ⌬⍀Ͼmax(Dq 2 ,⑀ 1 Ϫ⑀ 2 )Ͼ⍀ ͑for diffusons͒ or ⍀ϩ⌬⍀ Ͼmax(Dq 2 ,⑀ 1 ϩ⑀ 2 )Ͼ⍀ ͑for Cooperons͒ where ⍀ is the running ultraviolet RG cutoff. There are two types of logarithmic corrections to the action ͑2.1͒. Weak localization and interaction corrections have the relative order of g Ϫ1 ln(1/⍀) and modify the conductance g of the system. Quantum corrections of the other type have the relative order of g Ϫ1 ln 2 (1/⍀) and emerge in renormalization of the Cooper channel coupling . They become essential at such scales where localization corrections are still small and can be neglected. In this case is the only running parameter of the bulk action which satisfies the RG equation 15 
where ϭln(1/⍀) is the logarithmic variable. The first term on the right-hand side ͑RHS͒ of the RG equation ͑2.6͒ is due to the usual BCS logarithm, whereas the second contribution is the effect of Coulomb repulsion between slowly diffusing electrons.
The bulk action ͑2.1͒ describes dynamics of the electron system in the metal film. The possibility of tunneling between the island and the film is taken into account in the lowest tunneling Hamiltonian approximation by introducing the boundary term in the action:
͑2.7͒
Here Q isl refers to the island, spatial integration under the trace is taken over the area of the interface ⌫, and ␥ is the dimensionless normal-state tunneling conductance per unit area of the boundary. Below we will consider thick enough superconductive island so that the absolute value ͉⌬͉ of the order parameter is not suppressed by proximity to the normal film. The corresponding condition reads ͉⌬͉ӷG T /V isl , with V isl being the island's volume. Also, the size of the island, d, is supposed to be smaller than the superconductive coherence length so that for TӶT c the only relevant degree of freedom in the island is the phase of the order parameter. In the Keldysh formalism, one has to introduce its classical, 1 , and quantum, 2 , components, and arranging them into a matrix J ϭ 1 0 ϩ 2 x one can write Q S in the subgap limit (⑀ Ͻ⌬) as
͑2.8͒
We will also consider below the example of a normal ͑non-superconductive͒ island connected to the film by a tunnel barrier and biased at some voltage with respect to it. In that case the island's Q matrix can also be formally expressed in terms of the superconductive phase:
with /2 having the meaning of the single-particle phase which is conjugated to the number of electrons on the island ͑while is conjugated to the number of Cooper pairs͒. In both cases the applied voltage V(t) can be accounted for by the Josephson relation d 1 /dtϭ2eV for the classical component of the phase.
III. FUNCTIONAL RG: NONINTERACTING CASE

A. General idea
In this section we will apply the renormalization group treatment to the system consisting of a small island coupled to a diffusive metal film by a tunnel barrier of arbitrary transparency. The effects of the Cooper interaction in the film will be considered later on in Sec. V, while now we will study noninteracting electrons. In this section we will restrict ourselves to the zero-energy limit when both temperature T, voltage eV, and frequency are smaller that the Thouless energy E Th ϭD/L 2 , and the perpendicular magnetic length l H ϭͱ⌽ 0 /H (⌽ 0 is the flux quantum and H is the applied magnetic field͒ is shorter than the system size L. The effect of larger T, V, or H is to destroy Cooperon coherence at scales larger than min͕ͱD/T,ͱD/eV,l H ͖, and will be studied in Sec. VI. The effect of high-frequency (ӷE Th ) voltage is twofold: it suppresses Cooperon coherence and also perturbs the local electroneutrality of the electron system. We will not study this effect in the present paper.
The method developed in the present section can be applied to both the normal and superconductive islands. However, since the rest of the paper will be devoted mainly to the study of charge transport in the N-S system, all formulas will be written for the case of a superconducting island, Q isl ϭQ S . In order to translate them for the case of a normal island, one has to substitute Q S by Q N and the word ''Cooperon'' by the word ''diffuson.'' Renormalization of the total action S bulk ϩS tun describing an N-S contact is a complicated task. The main problem one encounters here is that this action does not reproduce itself under renormalization. In the lowest order over the tunneling transparency ␥ studied in Ref. 1, the boundary term ͑2.7͒ generates the next-order term ␥ 2 Tr(Q S Q) 2 in the action, with ␥ 2 obeying the RG equation d␥ 2 /dϰ␥ 2 . The physical meaning of this relation is simple. It describes the process when a Cooper pair tunnels from the island, coherently propagates in the normal metal as a Cooperon, and then returns back to the island. The resulting expression is bilinear in Q S ͑taken at the times of the first and second tunneling͒ and involves a logarithmically ͑in 2D͒ large factor due to the probability of returning to the original point. The corresponding diagram is shown in Fig. 2 .
In order to clear up the structure of the leading logarithmic corrections at arbitrary interface transparencies, let us consider the diagrams of the fourth order over ␥ shown in Fig. 3 . All of them ought to have treelike structure since any loop yields an additional small factor /gӶ1. For two of them, labeled by ͑a͒ and ͑b͒, successive Andreev tunnelings are connected by free Cooperons and diffusons, whereas the process shown in Fig. 3͑c͒ involves four-Cooperon interaction vertex ͑Hikami box͒ in the bulk. Due to spatial integration, each of these diagrams evaluates to the third power 3 of the logarithm, and they exhaust the number of the most divergent diagrams of the fourth order. Figure 3 suggests an idea that the treelike structure of corrections to the action may be suitable for the RG approach. Indeed, for each tree one can find the branch with the smallest momentum, say, q. If we cut the whole tree over this branch, it will break up into two pieces which could be calculated at the previous steps of the RG procedure since they contain only momenta greater that q. The diagrams ͑a͒ and ͑b͒ conform well to this scheme; however, it is not clear how to treat the bulk nonlinearity in the diagram ͑c͒. To overcome this problem we will employ our freedom to choose an arbitrary parametrization of the field Q in terms of the matrix W that can change the relative contribution of different diagrams. For the problem in question, the choice of the exponential parametrization, Qϭ⌳ exp(W), nullifies all diagrams with Hikami boxes within the RG precision. To see this, we note that the leading logarithmic contribution arises from integration over the fast momentum, so that the energy dependence of the diffusion propagators ͑2.5͒ can be neglected. To this accuracy, the matrices W and ٌW commute and the term Tr(ٌQ) 2 ϭϪTr(ٌW) 2 becomes Gaussian in W; therefore there are no nonlinear vertices in the bulk in the zero-energy limit. Note also that the same exponential parametrization is used usually for the solution of the Usadel equations 25, 17 for the Green functions of disordered superconductors.
Thus, in the exponential parametrization, diagrams of the type shown in Fig. 3͑c͒ are absent and one can carry out the RG procedure based on the treelike structure of the leading diagrams. Following this approach we present the total action as a sum of the bulk part S bulk and the part S ⌫ which arises from the single tunneling action ͑2.7͒ under renormalization:
The renormalized boundary action ͑3.1͒ describes processes of multiple Andreev tunneling coupled by coherent propagation of two-particle diffusion modes in the normal metal. It is determined by the infinite set of coefficients ͑''charges''͒ ␥ n and is a functional of the phase ជ of the island's order parameter. Once ␥ n 's are known, one can easily calculate the Andreev conductance and other quantities related to charge transfer through the system ͑see Sec. IV B͒. Our main purpose below will be to establish the law of transformation of the coefficients ␥ n and to derive the corresponding multicharge renormalization group equation.
B. Derivation of the multicharge RG equation
According to the general approach discussed above, at each step of the RG procedure one has to calculate a correction ⌬S k,n to the action which results from connecting two pieces S k and S n of the boundary action ͑3.1͒ by a fast diffusion mode. This gives a logarithmic contribution at scales larger than the island size d and, consequently, at energies ⍀ smaller than d ϵD/d 2 . Therefore in this case it is convenient to define the logarithmic variable as
where the current spatial scale R is related to ⍀ through ⍀ ϭD/R 2 . For the purposes of the RG, the form of the island is of no importance, and all expressions depend only on the total normal-state interface conductance G T . Hence, one can formally consider a pointlike island, with the transparency ␥ in Eq. ͑2.7͒ becoming ␥ϭG T and Tr ⌫ XϵTrX(rϭ0).
Our aim is to derive an effective low-energy action of the phase ជ on the island; therefore we consider Q S as a slow variable and decompose only metallic Q into the fast and slow parts. Such a decomposition consistent with the exponential parametrization adopted is given by Q ϭŨ Ϫ1 ⌳ exp(WЈ)Ũ , where Ũ is a slow rotation matrix and WЈ is a fast variable.
1, 15 The relevant interaction vertex reads
where the additional factor of n accounts the fact that the fast diffusion mode can be coupled to any matrix Q in S n , and Q ϵŨ Ϫ1 ⌳Ũ . The form of the vertex ͑3.3͒ corresponds to the treelike structure of the diagrammatic expansion discussed in Sec. III A. The lack of higher-order terms in W in S int,n amounts to neglecting closed loops by virtue of the small parameter /g.
For k n, the correction to the action is given by ⌬S k,n ϭi͗S int,k S int,n ͘. This average ͑in the zero-energy limit͒ is given by Eq. ͑A3͒, with
Calculating the logarithmic integral over the fast momentum, omitting the tilde sign over slow variables, employing invariance of the trace under cyclic permutations, and using the relations Q 2 ϭQ S 2 ϭ1, we get finally for k n
͑3.5͒ Thus we see that averaging of the terms S k and S n from the action ͑3.1͒ modifies the terms S kϩn and S ͉kϪn͉ with
which results in renormalization of the coefficient
Taking into account all possible pairings ⌬S k,n between the terms of the action ͑3.1͒, we derive the main equation that describes evolution of the charges ␥ n under renormalization:
͑3.7͒
Initial conditions for these multicharge RG equations at ϭ0 follow from the bare tunneling action ͑2.7͒:
Note that Q S 2 ϭ1 is the only property of the island's Q S which was used to derive the RG equations ͑3.7͒. Therefore these equations universally describe both normal-metal and superconductive islands on the same footing.
Equations ͑3.7͒ look quite complicated. Their hidden algebraic structure becomes transparent after Fourier transformation. To this end we introduce a 2-periodic function u(x) of an auxiliary continuous variable x according to the definition
Transforming Eq. ͑3.7͒ into an x representation we obtain the following RG equation for the function u(x):
u ϩuu x ϭ0.
͑3.10͒
The differential equation ͑3.10͒ is nothing but the wellknown Euler equation describing 1D motion of a compressible gas, with playing the role of time. The initial condition for Eq. ͑3.10͒ at ϭ0 is given by u 0 (x)ϭa sin x. The Euler equation ͑3.10͒ can be easily solved with the help of characteristics. The latter are described by the following system of differential equations:
͑3.11͒
They are trivially integrated: uϭu 0 (x 0 ) and xϭx 0 ϩu 0 (x 0 ). In order to get u(x)ϭu 0 "x 0 (x)… one has just to find the inverse function x 0 (x). For u 0 (x)ϭa sin x, the function u(x) is implicitly defined by the relation u͑x ͒ϭa sin͓xϪu͑x ͔͒.
͑3.12͒
The solution of the Euler equation is conveniently expressed through the variable tϭaϭG T /G D which is equal to the ratio of the tunneling conductance of the barrier G T to the conductance of the metal film G D ϭ4g/ at the current scale. The solution for different values of t is shown in Fig.  4 . The derivative u x () diverges at tϭ1, exactly at the point where G D ϭG T . For tϾ1, the discontinuity ͑''shock wave''͒ develops at xϭϮ. For tӷ1, the solution acquires a sawlike type with u(
C. Proximity action
In the previous section we have established the transformation law for the coefficients ␥ n of the multicharge action ͑3.1͒ under the action of the renormalization group. After eliminating diffusion modes up to some value of the logarithmic variable , the action becomes a functional of the island's Q S and Q(R) in the film taken at the spatial scale Rϳde /2 from the island. For a finite system bounded by a perfect metallic lead located at a distance L (Lӷd) from the island ͑see Fig. 1͒ , renormalization of the action started at the energy scale d should stop at the scale of the Thouless energy E Th ϭD/L 2 when all diffusive electronic degrees of freedom in the dirty metal are integrated out. The resulting action
thus becomes the functional of the island's Q S , Eq. ͑2.8͒, and the matrix Q N , Eq. ͑2.9͒, in the lead. Such an action resulting from elimination of the modes in the diffusive conductor will be referred to as the proximity action.
According to Eqs. ͑2.8͒ and ͑2.9͒, the only degree of freedom in the matrices Q S and Q N is the one associated with the phase rotation. In other words, externally controlled voltage is the only dynamical variable both in the island and in the lead. Below we will assume that the metal lead is at zero bias, so that Q N reduces to ⌳ and the proximity action ͑3.13͒ acquires the form In this formula, ␥ n are taken at ''time'' tϭa Th , with Th ϵ ln( d /E Th )ϭ2 ln(L/d). It can be calculated through the integration of the FRG equation ͑3.10͒ for the function u(x,) up to the scale Th .
In order to express the action in terms of the phase ជ , one has to substitute Q S from Eq. ͑2.8͒. Taking the trace over Nambu space, we obtain that only terms with even n contribute to the proximity action:
͑3.15͒
where the subscript K indicates that the matrix trace is taken only over Keldysh space. As explained in Sec. III B, the action ͑3.14͒, after substitution Q S →Q N , also applies to the case of the normal island. Using Eq. ͑2.9͒ for Q N and taking the trace over Nambu space, we arrive at the following expression for the action:
͑3.16͒
Remarkably, for the noninteracting case, our function u(x, Th ) can be directly related to the generating function of transmission coefficients F() introduced by Nazarov 4 ͑cf. also Ref. 22͒. Comparing our Eq. ͑3.12͒ with Nazarov's Eq. ͑19͒ one can verify that
where P(T) is the distribution function of transmission coefficients normalized to the number of channels. Note also that the appearance of discontinuity in u(x) for tϾ1 goes in parallel with the opening of conducting channels with transparencies T→1. 4 The sawlike solution for the function u(x) at tӷ1 results 4 in Dorokhov's 26 bimodal distribution function P(T)ϭG D /Tͱ1ϪT for the transmission coefficients of a diffusive system.
It might be surprising to realize the equivalence of the two approaches since Nazarov's result is valid for any geometry while our FRG equation apparently holds only in 2D. Such a coincidence is related to the fact that both Nazarov's derivation and our derivation of the functional RG equation ͑3.10͒ implied the zero-energy limit, T,eV,ϽE Th . Under this condition it is possible to derive the universal distribution of the eigenvalues of the transmission matrix as well as to neglect Cooperon decoherence in deriving Eq. ͑3.10͒. Note further that summation of the treelike diagrams for the action can be performed without the use of the RG at all: one has to integrate diffusion propagators over momentum independently for each branch of the tree. But in the zero-energy limit, such integration is expressed in terms of the Green function of the Laplace operator, thus reducing to the total resistance of the system. Therefore, in this case Eq. ͑3.10͒ rewritten in terms of tϭG T /G D remains valid for any geometry of the disordered normal region.
The power of the Keldysh multicharge proximity action will be crucial if one has to go beyond the zero-energy limit and, especially, for problems with the interaction. The corresponding FRG equations replacing the zero-energy-limit Euler equation ͑3.10͒ will be derived in Secs. VI and V.
IV. PHYSICAL QUANTITIES
Now we will discuss how the action ͑3.14͒ together with the FRG equation ͑3.10͒ valid in the zero-energy limit can be used to calculate physically observable quantities. In this section we will derive the general equations for the conductance and noise power in terms of the coefficients ␥ n of the proximity action, and will apply them to the noninteracting case in order to demonstrate the functionality of the approach in use. Thereby we will recover the known results of Refs.
3-6 and 18. The equivalence comes from the fact that ͕␥ n ͖ carry the same information as the distribution function P(T) of the transmission coefficients of the system, so that one can calculate the conducting properties of the system with the help of the general formulas of Ref. 6 .
Once the proximity action S prox ͓Q S ͔ is known, the system conductance as well as the current statistics can be calculated following the method of Ref. 1. We will suppose that the island is connected to the voltage source by an ideal conductor so that phase fluctuations are suppressed ͑the effect of phase fluctuations will be studied elsewhere 27 ͒. In this case the general expression Zϭ͐D 1 D 2 exp͕iS prox ͓ 1 , 2 ͔͖ for the Keldysh partition function reduces to Z ϭexp͕iS prox ͓ s1 , s2 ͔͖ where ជ s is the island's phase controlled by the source. The dynamics of its classical component is governed by the applied voltage through the Josephson relation d s1 /dtϭ2eV(t), while the current operator is given by the derivative with respect to the quantum component of the phase:
͑4.1͒
In order to obtain the expectation value of currents taken at different moments of time one should apply the operators ͑4.1͒ to ln Z:
͑4.2͒
Below we will employ these relations to calculate the conductance and noise for the case of the normal and superconductive islands.
A. Normal junction: Conductance and noise
To illustrate the formalism, we start by considering the conductance of the system for the case of the normal island. We will trace how addition of resistances R T and R D is realized within the multicharge action approach and calculate the current noise power.
In order to calculate the current response ͗I͘ to the bias voltage V one has to employ Eqs. ͑3.16͒, ͑4.1͒, and ͑4.2͒.
Evaluating the functional derivative with the help of Eq. ͑B5͒ we obtain for the dimensionless conductance
According to the Euler equation ͑3.10͒, G obeys ‫ץ‬G Ϫ1 ‫ץ/‬ ϭ1/4g, which amounts to the anticipated addition of resistances:
where
is the metal film conductance between the island and the lead. Equation ͑4.4͒, though derived in the low-frequency limit ӶD/L 2 , can be shown to remain valid for much larger frequencies, up to max ϭ2/L ͑for the bare Coulomb interaction͒ or max ϭ4/b ͑if the Coulomb interaction is screened by the presence of a gate situated at the distance b from the film; see Sec. II͒. This frequency determines the time scale max Ϫ1 at which the electroneutrality of the system sets in.
After this example let us turn to a more involved calculation of the current-current correlator at a fixed constant bias V. Now one has to apply two current operators ͑4.1͒ to the action ͑3.16͒. The corresponding functional derivative is calculated in Appendix B. Substituting it from Eq. ͑B10͒ and employing Eq. ͑4.3͒ one obtains
͑4.6͒
with the function ⌿() defined as
where E Ϯ ϭEϮ/2. The function P N (t) is given by
The third derivative u xxx (0) can be easily calculated with the help of characteristics. The one reaching the point xϭ0 is obviously x()ϭ0 with x 0 ϭ0. Writing u(x)ϭu 0 (x 0 ) and using the relation ‫ץ‬ x ϭ͓1ϩt cos x 0 ͔ Ϫ1 ‫ץ‬ x 0 at x 0 ϭ0 we obtain
and, therefore,
͑4.10͒
Equations ͑4.6͒ and ͑4.10͒ provide a general description of the noise power for an arbitrary relation between the frequency ͑which should be smaller than E Th ), voltage, and temperature, and arbitrary R T /R D . Though it was derived in the zero-energy limit, the condition (T,eV)ϽE Th can be relaxed since, for a normal island, charge propagation in the diffusive conductor is described in terms of diffusons which are insensitive to decoherence.
In the limit V→0, Eq. ͑4.6͒ reduces to the NyquistJohnson equilibrium thermal noise
In the limit eVӷ(,T), one obtains for the shot noise power
which coincides with Nazarov's result 4 obtained via the distribution function of transmission coefficients. According to Eq. ͑4.12͒, the Fano factor 20 of the system measuring the reduction of shot noise compared to its Poissonian value is given by F N ϭ P N /3. The function P N (t) is plotted in Fig. 5 by the dashed line. For tӷ1, when the system resistance is dominated by the diffusive conductor, the shot noise power is 3 times smaller than its Poisson value. This result was first obtained in Ref. 28 with the help of Dorokhov's bimodal distribution, 26 and in Ref. 29 , in the framework of the classical Boltzmann equation with Langevin sources.
The proximity action ͑3.14͒ together with the FRG equation ͑3.10͒ allows, in principle, for the calculation of higher momenta of current fluctuations and even the full statistics of transmitted charge ͑cf. Refs. 30 and 31͒. We leave this problem for future investigation. 
B. Andreev conductance
In this section we will turn to the case of a superconductive island. We will assume that the island is not very small so that its order parameter satisfies ⌬Ͼ d . This means that at the scales ⍀Ͻ d relevant for the RG, quasiparticle reflection from the island is of Andreev type and one can use the subgap expression ͑2.8͒ for the island's Q S .
We write the current as a sum of the partial contributions ͗I(t)͘ n from different terms of the action ͑3.15͒:
.
͑4.13͒
Calculating the derivative with the help of Eq. ͑B4͒ we find for the dimensionless Andreev conductance
Note that Eqs. ͑4.3͒ and ͑4.14͒ for the case of the normal and superconducting islands look very similar. The only difference is at the point where the derivative should be taken. Now we will use the general expression ͑4.14͒ to calculate G A in the noninteracting case. The simplest way to get u x (/2) is to use the characteristics of the Euler equation ͑3.10͒. We have to find the one which leads to xϭ/2 at ''time'' t. Writing its initial point as x 0 ϭ/2Ϫ⌰(t) we obtain the following equation for the function ⌰(t): ⌰͑t ͒ϭt cos ⌰͑t ͒.
͑4.15͒
For small t, ⌰(tӶ1)ϭtϩO(t 3 ) while in the limit of large t,
and, finally,
where G D is defined in Eq. ͑4.5͒. In terms of the resistance, the zero-energy result ͑4.17͒ can be written as
where R T,eff (t)ϭR T /sin ⌰(t) has the meaning of an effective interface resistance connected in series with the metal-film resistance R D ϭ(ប/e 2 )G D Ϫ1 . The former decreases with the increase of R D due to disorder-induced enhancement of Andreev reflection determined by the probability of returning to the origin. Equation ͑4.17͒ for the Andreev conductance had been previously derived by Volkov et al., 3 and rederived later by Nazarov both with the help of the Usadel equation 5 and the generating function of transmission eigenvalues. 4 This latter approach, though formulated in a very different language, appears to be directly connected to our multicharge action approach. Using the relation between u(x) and distribution of transmission coefficients established in Eq. ͑3.17͒ for the noninteracting limit, one can reduce Eq. ͑4.14͒ to the sum over conducting channels:
This equation is nothing but the generalization of the Landauer formula to the case of N-S systems derived by Beenakker.
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C. Noise of NS current
Decomposing the current-current correlator into the sum of the partial contributions, ͗I I Ϫ ͘ n , similarly to Eqs.
͑4.13͒, using Eq. ͑B9͒, and employing Eq. ͑4.14͒ we obtain
͑4.19͒
where ⌿() is defined in Eq. ͑4.7͒. The superconductive noise function P S (t) is given by
͑4.20͒
Equation ͑4.19͒ has the same form as its analog for the N island with the replacement P N (t)→ P S (t) and eV→2eV. The origin of this analogy was clarified by Muzykantskii and Khmelnitskii 33 who showed that the whole N-S counting statistics in the noninteracting case can be obtained from the counting statistics of normal electrons by replacing T n →T An and doubling the charge quantum e→2e.
For the noninteracting system, the value of u x (/2) was calculated in Eq. ͑4.16͒, and calculating u xxx (/2) in the same way we obtain 
͑4.21͒
Thus, we get
͑4.22͒
where ⌰ϵ⌰(t) is defined in Eq. ͑4.15͒.
In the limit of vanishing bias, Eq. ͑4.19͒ with P S (t) from Eq. ͑4.22͒ reproduces the Nyquist-Johnson thermal noise given by Eq. ͑4.11͒, with G being substituted by G A , Eq. ͑4.17͒. In the opposite limit of large bias, eVӷ(,T), it gives the power of the shot noise between the normal and superconducting terminals 
with the Fano factor F S ϭ2 P S /3. The function P S (t) is plotted in Fig. 5 together with its analog for the normal junction P N (t). On increasing t, both P N (t)/3 and P S (t)/3 evolve from the value of 1 describing the Poisson noise at a tunnel contact to 1/3 corresponding to the diffusive conductor. An excess factor of 2 in Eq. ͑4.23͒ accounts the fact that in an N-S system charge is transferred by Cooper pairs. Our results agree with the results of Refs. 18 and 33.
The results obtained in Secs. IV B and IV C refer to the zero-energy limit. In Sec. VI we will extend our theory to the case of large temperature or voltage, max(T,eV)ϾE Th .
V. EFFECT OF AN INTERACTION IN THE COOPER CHANNEL
A. General idea
Here we calculate the effect of repulsion in the Cooper channel on the renormalization of the effective boundary action ͑3.1͒. In the lowest order over the interface transparency, the RG equation for ␥ 1 was derived in Ref. 1. We will extend this result to account for the whole set of charges ͕␥ n ͖.
As in Sec. III, we first turn to the analysis of the lowestorder perturbative corrections to the action. The Cooperchannel interaction is described by the following vertex in the bulk action:
obtained from the -model action ͑2.1͒ by eliminating the fluctuating ⌬ ជ field. 1 The treelike diagrams for the action of the noninteracting system should be modified now by all possible insertions of the vertexes S . In the lowest order in the interface transparency ␥ ͑cf. Fig. 2͒ , that was carried out in Ref. 1. The diagrams of the fourth order in ␥ and the first order in are shown in Fig. 6 . They are obtained from the diagrams of Fig. 3 by insertions of the Cooper vertex denoted by a dot. The latter cuts a diagram into two parts with independent energy integration variables.
The leading logarithmic contribution of a diagram from Fig. 6 is due to the momentum integration in each diffusion mode except for one of the Cooperons adjacent to the vertex S , whose contribution is logarithmic due to the energy integral ͐dE/E. The corresponding part of the diagram containing such a Cooperon is shadowed in Fig. 6 . Thus, each of the diagrams shown in Fig. 6 evaluates to the fourth power of the logarithm, ϰ␥ 4 4 . To achieve this situation, the energy E and momenta in the shadowed part of the diagram must obey some inequalities. First, the momentum of the Cooperon adjacent to the vertex, q, must satisfy the relation Dq 2 ϽE. Second, momenta of all other shadowed Cooperons, q i , must satisfy the relation Dq i 2 ϾE. Only under these conditions does the diagram evaluate to the maximal power of the logarithmic variable .
Were all diffusion modes in the shadowed region of the diagram Cooperons, the energy E would be the slowest variable in this region. Then, on the level of the RG, the shadowed region would be taken into account by the pairing of the vertex S with the multicharge action S ⌫ ͓Eq. ͑3.1͔͒ obtained at the previous steps of the RG procedure. Since E would be the slowest variable in the shadowed part, all metallic Q's entering the action S ⌫ paired to S should be set to ⌳, indicating that no further pairings with slower variables are allowed to the shadowed region. As a result, as will be shown in Sec. V B, the shadowed region will give a correction to the term S 1 ϰ␥ 1 Tr ⌫ Q S Q. However, the shadowed region might contain diffusons as well. Their momenta q i are not restricted by the inequality Dq i 2 ϾE and may be ''slower'' than the energy E. Were this the case, the multicharge action ͑3.1͒ would not reproduce itself upon pairing with S since one would not be able to perform the integration over E as the result would depend on the next steps of the RG.
Fortunately, the diffuson contribution in the shadowed part of a diagram can be disregarded. This can be seen already from the diagrams of the fourth order shown in Fig. 6 . Among them only diagram ͑c͒ contains a shadowed diffuson. However, direct calculation shows that its contribution to the action vanishes identically. 34 This statement can be generalized to arbitrary order. One can prove that any diagram containing a diffuson in the shadowed region is exactly zero. Physically, the shadowed part of a diagram accounts the correction to the Usadel spectral angle ͑cf. Appendix C͒ which is determined solely by Cooperon modes.
B. Functional RG equation
To calculate the correction to the action due to the pairing S n, ϭi͗S int,n S int, ͘ one should extract one fast WЈ from S ,
͑5.2͒
and another one from S n according to Eq. ͑3.3͒. The only fast variable to be integrated out at this step of the RG procedure is the energy E running over the Cooperon propagator
͗WЈWЈ͘. This fast energy runs also over all Q 's under the trace in S int,n . Substituting Q ϭ⌳(E) into Eq. ͑3.3͒ as explained above and performing the averaging over the fast Cooperon in ͗S int,n S int, ͘ with the use of Eq. ͑A2͒, we obtain that only the terms with odd n give a nonzero contribution to the action ͑hereafter the tilde sign over slow variables is omitted͒:
Since E is a fast variable, all Q S (t) are taken at the same time t, and Qϭ͐e it Q E Ј Ϫ/2,E Ј ϩ/2 (d/2). The sign in the above equation comes from commutation of z contained in ⌳ϭ⌳ 0 z with Q S in order to transform ( 
into Eq. ͑5.3͒, we get
Therefore, only S 1 is subject to renormalization by the term:
As a result, an additional term will appear on the RHS of the Euler equation ͑3.10͒:
͑5.8͒
Here () is described by the bulk RG equation ͑2.6͒ derived in the absence of the tunnel coupling between the island and the film. Note, however, that in the presence of tunneling, the real Cooper interaction vertex in the film, film , will be additionally modified by Andreev reflections from the N-S boundary. Nevertheless, Eq. ͑5.8͒ should contain the bare bulk (). The reason is that within our multicharge RG approach, all effects of the N-S interface are explicitly incorporated into the boundary action ͑3.1͒. Therefore, at each step of the RG procedure, one has to couple the renormalized boundary action, which already contains the logarithmic contribution of Cooperons integrated over fast EϾ⍀, to the Cooper interaction vertex without Andreev reflection processes from the island, i.e., to the bare (). This procedure ensures that no double counting of diagrams occurs in proceeding with the RG, and leads to Eq. ͑5.8͒.
The explicit dependence () can be easily found 15, 1 from Eq. ͑2.6͒:
͑5.9͒
where g ϭ1/2ͱg, d is defined at the energy scale d ͓cf. the definition ͑3.2͒ of the logarithmic variable ͔,
͑5.10͒
and n is the interaction constant at the energy scale ប/.
C. Andreev conductance
Here we consider the effect of repulsive interaction in the Cooper channel of a normal conductor on the Andreev conductance, in two limiting cases of weak and strong interactions. Of course, we always assume that the dimensionless coupling constant Ӷ1. We will see below that the limit of a strong interaction means ӷG T /4g, and thus can be realized at a relatively poor transparency of the interface. However, we will see also that even the weak-solution produces the interaction-induced correction to G A which grows logarithmically with the spatial scale L and eventually crosses over to the strong-coupling limit where the nonperurbative treatment should be carried out.
Wherever possible we will perform an analytical calculation for an arbitrary relation between d and g . Otherwise we will assume that () had already reached Finkelstein's fixed point g ϭ1/2ͱg, which is valid if either n is of the order of g or ln(1/ d )Ͼͱg.
First-order correction
We start by treating the RHS of Eq. ͑5.8͒ perturbatively. The equations for the characteristics of Eq. ͑5.8͒ have the form
The presence of u(/2,) in Eq. ͑5.11͒ which is determined by the trajectory reaching xϭ/2 in ''time'' introduces a nonlocal in coupling between different trajectories. In the lowest order over (), we search for a solution in the form x()ϭx 0 ϩa sin x 0 ϩ␦x() and u()ϭa sin x 0 ϩ␦u(), where ␦x and ␦u are proportional to and vanish at ϭ0. 
͑5.16͒
Finally, with the help of Eq. ͑4.14͒ we obtain for the Andreev conductance in the lowest order over the Cooperchannel interaction ()
It is instructive to compare Eq. ͑5.17͒ with the result of the standard calculation of G A by means of a direct solution of the Usadel equations. The first perturbative correction to G A due to has been studied in Ref. 17 in 1D geometry, and we present a generalization of their approach to the 2D case of Fig. 1 in Appendix C. The resulting expression ͑C19͒ looks pretty similar to Eq. ͑5.17͒. The difference is that Eq. ͑5.17͒ contains, in general, the renormalized coupling constant () which depends on the energy scale through Eq. ͑5.9͒, while the result ͑C19͒ is expressed in terms of the bare coupling constant d defined at the scale d ; cf. Eq. ͑5.10͒. Therefore, even on the level of the first correction the results of the functional RG treatment, Eq. ͑5.17͒, and of the Usadel approach, Eq. ͑C19͒, are somewhat different, with the former carrying more information. The main difficulties one encounters proceeding with the Usadel equation are outlined below.
The Usadel equation contains, in principle, the logarithmic dependence of () which follows from the first term of Eq. ͑2.6͒ in the absence of a Finkelstein correction:
It emerges as a result of the self-consistent determination of the proximity-induced ⌬ in the normal metal; cf. Eq. ͑C3͒. However, in order to take these effects into account within the approach presented in Appendix C, it would be necessary to solve the whole problem with higherorder accuracy in d , which seems to be an extremely complicated task. The main complication is the appearance of the supercurrent flowing in the normal region that leads to the rotation of the phase (r) of the anomalous Green function and also mixes both components f and f 1 of the distribution function. As a consequence, the problem becomes hardly tractable.
In the interacting case, the situation with the quasiclassical approach becomes much more involved, as one has to supply the Usadel equation with the equation for the electric potential. As a result, the whole system of kinetic equations becomes so complicated that its solution presents not a technical but rather a conceptual problem. Therefore, our approach seems to be the only tool to study the effect of the Cooper channel interaction on the conducting properties of 2D N-S systems.
Staying within first-order accuracy over d , we identify ()ϵ d and find exact agreement between Eqs. ͑5.17͒ and ͑C19͒. Moreover, two contributions to the correction to G A given by Eqs. ͑5.15͒ and ͑5.16͒ have their direct counterparts within the Usadel method: the first one is due to the modification of the spectral angle (rϭd) ͓cf. Eq. ͑C10͔͒, whereas the second one is, physically, due to the correction to the distribution function f 1 (rϭL) by the presence of the induced ⌬ ͓cf. Eq. ͑C18͔͒.
The somewhat cumbersome expression ͑5.17͒ can be simplified in the limiting cases of small and large t. ͑x ͒͑ 1Ϫx ͒dx. ͑5.18a͒
In the opposite limit tӷ1, the conductance is determined by the diffusive conductor, G A (0) ϷG D , and
An important consequence of Eqs. ͑5.18͒ is that the relative value of the correction to the subgap conductance is proportional to at any value of G T /G D , including the case of a completely transparent interface with G T Ϫ1 ϭ0. Thus, our result differs from the one obtained by Stoof and Nazarov 17 who considered the same kind of problem in the 1D geometry and found a weak regular correction ϳ only. The growth of the interaction-induced correction in 2D indicates that qualitative changes in the behavior of the function u(x) do occur at large enough scales and one has to sum the leading logarithmic terms, () n . In the most general case of arbitrary (), the FRG equation ͑5.8͒ should be solved numerically. However, in the limiting cases of strong and weak Cooper interactions, an analytical solution can be obtained. The former refers to the situation when the first correction, Eq. ͑5.18a͒, becomes of the order of 1 already in the limit of weak transparency of the barrier, tӶ1. The latter applies when the first correction, Eq. ͑5.18b͒, becomes important only in the diffusive regime, t ӷ1. The boundary between the limits of strong and weak repulsion in the Cooper channel slightly depends on the relation between d and g . In the rest of this section we will consider the case when d ϳ g . Then repulsion is strong ͑weak͒ provided that g ӷa ( g Ӷa). We want to emphasize that the notion of strong and weak interactions refers not to the value of itself but to the ratio /aϭ4g/G T . In both cases the interaction correction can be either small or large depending on the value of ϭ4g/G D .
The limiting cases of strong and weak repulsion will be considered in Secs. V C 2 and V C 3, and then ͑in Sec. V C 4͒ we will turn to the discussion of the general case of arbitrary .
Equations ͑5.18͒ describe the interaction correction to the total resistance of the system. It is instructive to study also the correction to the effective interface resistance defined in Eq. ͑4.18͒. In the limit of strong repulsion, this correction is determined by Eq. ͑5.18a͒. In the limit of weak repulsion, R T,eff ϭR T /sin ⌰(t)ϷR T is only a small part of R A at tӷ1. The term is also a small correction if tӶa/ g . Expanding Eq. ͑5.17͒ in the region 1ӶtӶa/ g and assuming for simplicity that ()ϭ g , one obtains
where the first two terms come from expansion of 1/sin ⌰(t). According to Eq. ͑5.19͒, R T,eff (t) first decreases with t up to tϳ(a/ g ) 1/4 and then starts to increase. This increase is a qualitatively new feature appearing due to the interaction. At the upper boundary of applicability of Eq. ͑5.17͒, at t ϳa/ g , one has R T,eff (t)/R T ϳa/ g ӷ1. Thus, even within the range where the first correction is still small, weak Cooper repulsion changes the dependence of the effective interface resistance which starts to grow with the increase of t. The behavior of R T,eff (t) at tуa/ g will be studied in Sec. V C 3.
Strong repulsion
If the Cooper interaction is strong in the sense that
then the initial stage of the evolution of u(x) is better represented in terms of the RG equations for the coefficients ␥ 1 and ␥ 2 ͓cf. Eqs. ͑3.7͒ and ͑5.7͔͒:
where () is given by Eq. ͑5.9͒. Simple calculation gives
͑5.22b͒
At ӷ 1 ϵ g Ϫ1 , the first harmonics ␥ 1 vanishes, while the second one saturates at ␥ 2 (1) ϭϪa 2 /4( d ϩ g ). The corresponding subgap conductance is then given by
͑5.23͒
At the scale у 1 higher harmonics ␥ nϾ2 are still much smaller than ␥ 2 once the condition ͑5.20͒ is fulfilled, so that
͑5.24͒
From now on further evolution of u(x,) with the increase of is given by the solution of the Euler equation ͑3.10͒ with the initial condition ͑5.24͒ ͑a somewhat similar situation will be discussed in Sec. VI A͒. A change of variables u(x,) ϭv(y,) with yϭ2xϪ and ϭ2 makes the solution for v(y,) identical ͑up to the replacement a→ã ) to the solution for u(x,) discussed in Sec. III B. In particular, the ''shock wave'' develops in the solution for u(x) at the scale 2 ϭ1/2ã ϭ( g ϩ d )/a 2 that is much larger than 1 under the condition ͑5.20͒.
To find the subgap conductance of the system with ln(L/d)ӷ 1 , one should calculate, according to the general rule ͑4.14͒, the quantity u x (/2,) with ϭ2 ln(L/d). This calculation is simplified by the fact that u(/2,)Ӎ0 at ӷ 1 . A similar situation was encountered in Sec. IV A where the normal-state conductance was considered. Differentiating Eq. ͑5.8͒ over x at xϭ/2 under the condition u(/2)ϭ0, one gets for the Andreev conductance ‫ץ‬G A Ϫ1 /‫ץ‬ϭ1/4g, with the initial condition ͑5.23͒. As a result, one obtains
where the first term is defined by Eq. ͑5.23͒, and the second term ͑which can be of arbitrary magnitude compared to the first one͒ is the normal-state resistance of the film ͑in units of ប/e 2 ). The first term in Eq. ͑5.25͒ has the meaning of the effective interface resistance defined in Eq. ͑4.18͒. In the leading order over g /a, R T,eff is given by 1/G A (1) . Retaining also the next-to-leading contribution, one can write R T,eff as
͑5.26͒
where the function C( d / g ) is of the order of 1 for d ϳ g . The second term on the RHS of Eq. ͑5.26͒ is small compared to both terms in Eq. ͑5.25͒ once the conditions ͑5.20͒ and ln(L/d)ӷ 1 are fulfilled.
Effect of weak repulsion at large scales
Here we study the solution of the FRG equation ͑5.8͒ in the limit of weak repulsion. For the sake of simplicity we will consider the case of scale-independent ()ϭconst corresponding to Finkelstein's fixed point ϭ g .
Consider first the qualitative effect of weak repulsion, g Ӷa, on the evolution of the function u(x). At small t Ӷa/ g , it leads to a small reduction of the amplitude of the solution compared to the noninteracting case. At tϳa/ g ӷ1, when this correction becomes of the order of the solution itself, u(x) changes its sign and becomes negative on some part of the interval 0ϽxϽ/2. For even larger t ӷa/ g , u(/2) quickly approaches zero so that u(x Ͻ/2)Ͻ0 and u(xϾ/2)Ͼ0. Then the characteristics ͑5.11͒ with xϾ/2 keep moving to the right, while the characteristics with xϽ/2 move to the left, to the direction of negative x. As a result, a shock wave will appear also at x ϭ0, which, however, does not influence any physical results given by the derivatives of u(x) at xϭ/2. The numerical solution for ()ϭ g ϭa/2 is shown in Fig. 7 .
To analyze Eq. ͑5.8͒ in the limit g Ӷa, it is convenient to make the following rescaling:
Then, in terms of the function v(x,s), Eq. ͑5.8͒ takes the form
with the initial condition v 0 (x)ϭ(a/ g )sin x. Since the magnitude of this initial condition is much larger than 1, v(x,s) acquires a sawlike behavior at s ϳ g /aӶ1 ͑i.e., at tϳ1). Therefore, the details of v 0 (x) are irrelevant for the study of the solution at large scales, s ϳ1, and one can formally consider the initial condition v 0 (x)ϭAx with A→ϱ. The solution for Eq. ͑5.28͒ obtained with such v 0 (x) does not depend on g and describes a universal behavior of the system for tӷ1 in the limit of weak 
FIG. 8. The universal function ⌼(s)ϭR
we consider ()ϭ g ϭconst͔. The dashed line shows R T,eff /R T ϭ1/sin ⌰(t) for the noninteracting case ͓cf. Eq.
͑4.17͔͒.
For the case of strong repulsion, g ӷa, R T,eff (t) very quickly ͑at tϳa/ g Ӷ1) reaches its asymptotic value and saturates at R T,eff (tϭϱ)Ϸ(2 g /a)R T ; cf. Eq. ͑5.26͒. The limiting value R T,eff (ϱ) decreases with the decrease of g /a up to g /aϳ1. For small g /a, corresponding to the case of weak repulsion, it starts to grow again with R T,eff (ϱ)/R T Ϸ1.19a/ g , according to Eq. ͑5.29͒. Note that in this limit R T,eff (t) reaches its asymptotic value at large scale t ϳa/ g . The dependence of R T,eff (ϱ) as a function of g /a is shown in Fig. 10 .
The most striking feature of Fig. 9 is a nonmonotonous dependence of R T,eff (t), especially pronounced for weak repulsion, g Ӷa. In this limit, the effective interface resistance significantly exceeds its noninterating value R T at large scales tу(a/ g ) 1/2 . Such a nonmonotonous dependence arises even within applicability of the first-order correction ͑5.17͒ as discussed at the end of Sec. V C 1. Another important feature of Fig. 9 is that the limits →0 and R D →ϱ do not commute. Indeed, for any small but finite g , R T,eff (t)/R T will eventually ͑though at very large t) deviate from the noninteracting dependence ͑dashed line in Fig. 9͒ and become large.
We will see in Sec. VI that such a nonmonotonous dependence of R T,eff (t) will manifest itself in a nonmonotonous temperature and voltage behavior of the subgap conductance.
In this section we assumed that () had already reached its fixed-point value g ϭ1/(2ͱg), so that g /a ϭ2ͱg/G T . Thus, the limits of strong and weak interactions are separated by G T ϳͱg. For G T Ӷͱg, the interaction is strong, and for G T ӷͱg ͑and, in particular, for the case of a completely transparent interface, G T ϭϱ), the interaction is weak. It is then natural to measure all dimensionless conductances in units of ͱg. The effective interface resistance R T,eff normalized to its limiting value R T,eff (ϱ) at large spatial scales ͑cf. Fig. 10͒ as a function of ͱg/G D ϭs/2ϭ g /2 is shown in Fig. 11 , with different curves corresponding to different values of G T /ͱg. The asymptotic curve ͑dashed line͒ for the transparent interface, G T →ϱ, is given by R T,eff ϭ⌼͓2ͱg(e 2 R D /ប)͔R D ; cf. Eq. ͑5.29͒. In this limit, for R D ӷប/e 2 ͱg one has
D. Noise
In this section we will analyze the effect of interaction on the noise of N-S current. As shown in Sec. IV C, the currentcurrent correlator is determined by the noise function P S (t); see Eqs. ͑4.19͒ and ͑4.20͒. Qualitatively, P S can be estimated by comparing the effective tunneling resistance R T,eff with the diffusive resistance R D . If R T,eff ӷR D , then P S Ϸ3, while in the opposite case (R T,eff ӶR D ) P S Ϸ1. As in Sec. V C 3, we will assume here that the () has already reached its fixed point ϭ g . Then P S becomes a function of two parameters tϭR D /R T and g /aϭ2ͱg/G T . Summarizing results of Sec. V C, one can sketch the boundaries between regions with P S ϭ3 and P S ϭ1 on the plane "log t,log(G T /ͱg)…; see Fig. 12 .
In the case of strong repulsion G T Ӷͱg, the function u(x) very quickly ͑at tϳG T /ͱg) reduces to the second harmonic, Eq. ͑5.24͒, and R T,eff saturates at R T,eff ϭR A ϵ(4ͱg/G T )R T ͓cf. Eq. ͑5.23͔͒. As explained in Sec. V C 2, further evolution of u(x) is analogous ͑after a proper rescaling and shift of variables͒ to the evolution of u(x) for the noninteracting case considered in Sec. III B. The property u(/2)ϭ0 makes the calculation of the noise function P S analogous to the calculation of the function P N for the case of the normal island; see Sec. IV A. So one obtains P S
). Thus, in the limit G T Ӷͱg, the crossover between the tunnel ( P S ϭ3) and diffusive ( P S ϭ1) character of noise is shifted to tϳͱg/G T ӷ1; see Fig. 12 .
In the limit of weak repulsion, G T ӷͱg, the situation is more interesting. For tϳ1, interaction corrections can be neglected and P S is given by the noninteracting expression ͑4.22͒. So, at tϳ1, P S decreases from 3 to 1, the corresponding boundary being shown in Fig. 12 . Later, at tϳG T /ͱg ӷ1 ͑when R D ϳប/e 2 ͱg) interaction corrections become relevant. In this region, R T,eff is of the order of R D ͑cf. Fig. 8͒ , and one may anticipate that P S will deviate from 1. For even larger t when the resistance is dominated by the diffusive conductor, P S will eventually reduce to 1. This crossover region is marked in Fig. 12 by the dashed lines.
The behavior of P S in the crossover region tϳG T /ͱg ӷ1 can be obtained by numerical solution of Eq. ͑5.28͒. The resulting P S (s) is plotted as a function of sϭ g ϭ(ln L/d)/ͱgϭ2(e 2 /ប)R D ͱg ͓cf. Eq. ͑5.27͔͒ in Fig. 13 . P S (s) has a minimum P S ϭ0.99 at sϭ0.40 and a maximum P S ϭ1.28 at sϭ3. 25 .
The negative derivative of P S (s) for sӶ1 can be obtained analytically. Seeking the solution of Eq. ͑5.28͒ as a series over s, one finds
where the first term is the usual saw function, while the other terms are due to the RHS of Eq. ͑5.28͒. Now, with the help of Eq. ͑4.20͒ one gets for sӶ1
VI. TEMPERATURE, VOLTAGE, AND MAGNETIC FIELD EFFECTS
A. General analysis
In this section we consider the case of a superconductive island in the situation when temperature and/or voltage are high compared to the Thouless energy or the perpendicular magnetic length l H ϭͱ⌽ 0 /H is shorter than the system size L. Then Cooperon coherence is destroyed at the energy scale ⍀ * ϾE Th , where ⍀ * ϭmax(T,eV,eDH/c). At the same time we will assume that the frequency of the external voltage ͑or current͒ is smaller than the Thouless energy.
According to the general approach explained in Sec. III C, we have to determine an effective proximity action via the RG procedure accomplished down to the energy scale E Th . Now the whole energy interval of the RG, d Ͼ⍀ϾE Th , can be divided into two regions with different FRG equations. In the region d Ͼ⍀Ͼ⍀ * , renormalization of the action ͑3.1͒ is described by Eq. ͑3.10͒ derived in Sec. III for the noninteracting case or its analog ͑5.8͒ in the presence of an interaction. In the region ⍀ * Ͼ⍀ϾE Th , Cooperons are suppressed while diffuson modes still contribute to the renormalization of the action ͑3.1͒. Thus, at large scales, ⍀ Ͻ⍀ * , the charges ␥ n depend on two RG ''time'' arguments and * ϵln( d /⍀ * ). For Ͼ * , the bulk matrix Q is purely diagonal in Nambu space ͓cf. Eq. ͑2.3͔͒. On the other hand, according to Eq. ͑2.8͒, the island's matrix Q S is off diagonal in Nambu space, due to the Andreev nature of the subgap tunneling across the interface. As a result, tr(Q S Q) n with odd n vanishes, and so ␥ n 's with odd n do not contribute to the multicharge RG equation ͑3.7͒ at scales Ͼ * . To describe the evolution of ␥ n 's at Ͼ * , one should modify the derivation presented in Sec. III B for the case of even n. The difference is that now only the first line of Eq. ͑A2͒ corresponding to diffuson pairing contributes to the average ⌬S k,n ϭi͗S int,k S int,n ͘. But for even k and n, and at Ͼ * , the matrices A and B defined in Eq. ͑3.4͒ commute with z . Then the zero-energy limit of the first line of Eq. ͑A2͒ reproduces Eq. ͑A3͒ used in the derivation of Eq. ͑3.5͒. Hence, we conclude that evolution of ͕␥ 2m ͖ at Ͼ * is described by the same Eq. ͑3.7͒, with all ␥ 2mϩ1 set to zero.
To describe evolution of the set ͕␥ n ͖ at Ͼ * , we find it convenient to introduce Fourier transformation with respect to even n:
Then the FRG equation for the function ũ (x) acquires the form of the Euler equation:
The function ũ (x,; * ) that determines physical quantities ͑see below͒ is then given by the solution of Eq. ͑6.2͒ with the initial condition ũ ͑ x, * ; * Below we apply the described scheme to the calculation of physical quantities. To determine the Andreev conductance at large ⍀ * ϾE Th in terms of the function ũ (x) we should use a generalized version of Eq. ͑4.13͒. Namely, we should take into account that for ⑀ϾE Th , parameters ␥ 2n depend on the energy argument ⑀ running under the trace ͓cf. Eq. ͑B3͔͒, since it is just the value of ⑀ which determines the Cooperon coherence scale. Thus, ␥ 2n (⑀) should be put under the sign of Tr in Eq. ͑4.13͒. The trace operator contains an integral over ⑀ those main contribution comes from ⑀ ϳ⍀ * . As a result, we obtain the following expression for the ͑nonlinear͒ current:
where the value of G A (⍀ * ) is determined to logarithmic accuracy as
Calculation of ũ x (/2) is very simple since ũ (/2)ϭ0:
cf. the normal-metal case discussed in Sec. IV A. Equations ͑6.5͒ and ͑6.6͒ can be naturally interpreted with the help of the effective interface resistance R T,eff introduced in Eq. ͑4.18͒. An important property of this quantity is that it is formed by Cooperons only which are taken into account by the FRG equation for u(x). At scales tϾt * ϵa * , Cooperon coherence is lost, and R T,eff (t) saturates at the constant level R T,eff (t * ), becoming independent of R D anymore. As a result,
where R D ϭR T tϭln(L/d)/2 is the energy-independent resistance of the normal film.
Considerations that lead to Eq. ͑6.5͒ can be generalized to higher correlators of current as well. To logarithmic accuracy, the noise power is given by the zero-energy expressions ͑4.19͒ and ͑4.20͒ with u(x,) replaced by ũ (x,; * ). The quantities ũ x (/2) and ũ xxx (/2) entering this expression can be calculated similarly to Eq. ͑4.9͒:
As a result, the current-current correlation function can be written in the form similar to Eq. ͑4.19͒:
where G A (t,t * ) is given by Eq. ͑6.7͒, and the noise function P S (t,t * ) depends now on two RG ''time'' variables. Using Eqs. ͑4.14͒, ͑4.20͒, ͑6.5͒, and ͑6.7͒, one obtains
͑6.11͒
Here both G A (t * ,t * )ϵG A (t * ) and P S (t * ) are given by the zero-energy results at tϭt * .
B. Noninteracting case
Andreev conductance
To calculate the Andreev conductance we substitute R T,eff (t * )ϭR T /sin ⌰(t * ) into Eq. ͑4.18͒:
͑6.12͒
which can be obtained from the zero-energy result ͑4.17͒ by the replacement ⌰(t)→⌰(t * ). Below we apply Eq. ͑6.12͒ to the analysis of two specific examples.
We start from the case of the linear conductance as a function of temperature. The corresponding curves G A (T) for several values of the ratio tϭG T /G D are presented in Fig. 14 . In the limit G T ӷG D any dependence on T disappears and N-S conductance is equal to the diffusive conductance G D . This result is in disagreement with calculations 35, 17 which predict, for an ideal N-S structure in the 1D geometry, a conductance maximum at TϳE Th with the relative magnitude about 10% ͑the so-called finite-bias anomaly͒. This discrepancy is due to the limited precision of our calculation scheme, which is equivalent to the summation of the main logarithmic terms. The finite-bias anomaly is due to the energy dependence of the effective diffusion constant D(⑀) at ⑀ϳE Th , and this effect is beyond the main logarithmic approximation. As one can see from Fig. 14, the zero-bias anomaly is stronger than the finite-bias anomaly for small enough values of t.
Consider now the nonlinear subgap conductance at high temperature TӷE Th and arbitrary relation between T and eV. At eVӶT we are back to the linear conductance case with t * ϭt T ϵ(G T /4g)ln( d /T), whereas at large voltage eVӷT we have t *
To find the behavior of G A (T,V) in the crossover region eVϳTӷE Th we need to improve the logarithmic accuracy of Eq. ͑6.12͒. To this end, we perform a more accurate calculation of the energy integral under the trace in the generalized version of Eq. ͑4.13͒ taking into account the energy dependence of ␥ n (E):
where E Ϯ ϭEϮeV and t E ϭ(G T /4g)ln( d /E). The logarithmic factor ln( d /E) comes from the integration over 2D Cooperon modes, ͐ 1/d d 2 q/(Dq 2 Ϯ2iE), which determines the Cooperon amplitude at coinciding point ͑i.e., the probability of return͒. In the presence of a transverse magnetic field, Cooperon modes are quantized, so integration over momenta is substituted by the summation over Landau levels; see, e.g., Ref. 36 . Then the effect of magnetic field upon the subgap conductance can be accounted by the replacement of t E in Eq. ͑6.13͒ by
͑6.14͒
where (x)ϭd ln ⌫(x)/dx is the digamma function.
In the limiting case of weak interface transparency, t Ӷ1, the Andreev conductance is given by For arbitrary t, the behavior of G A in the crossover region should be obtained by numerical integration in Eq. ͑6.13͒. The corresponding plots of G A (T,V) as a function of 2eV/T for different values of t are presented in Fig. 15 . Note, finally, that the difference between the nonlinear conductance G A (V)ϵI A /V and the differential conductance dI A /dV should be neglected in the main logarithmic approximation.
Current fluctuations
In order to calculate the noise function P S (t,t * ) at ⍀ * ). In the limit t→ϱ, the function P S (t,t * )/3 approaches 1/3 and the expression for noise reduces to the standard form 19 for purely diffusive N-S junction at ⍀ * ϽE Th . 37 However, the range of t where such a universal behavior sets in does depend upon ⍀ * : the increase of ⍀ * leads to the decrease of the proximity angle ⌰ * , which, in turn, increases the factor P S (t,t * ). A number of curves characterizing the behavior of P S (t,t * ) as a function of ⍀ * /E Th at different values of t are presented in Fig.  16 .
C. Effects of interaction
This section contains the main application of our theory since variation of temperature, voltage, or magnetic field is a natural tool to study system properties. Here all effects discussed in the body of the paper come into play altogether. Therefore, we will repeat briefly the main concepts the reader could gain from the above discussion.
At scales smaller than the Cooperon coherence length ͱD/⍀ * , i.e., at Ͻ * In the noninteracting approximation the effect of large ⍀ * ӷE Th was to decrease the Andreev conductance compared to the zero-energy limit, ⍀ * ӶE Th , due to the increase of R T,eff (t * ). The drastic change introduced by the Cooper interaction is that R T,eff (t * ) shown in Fig. 9 is no longer a monotonous function of t * . Therefore, depending on the relation between parameters of the problem, the subgap conductance may either decrease or increase with the increase of ⍀ * . This unusual enhancement of conductivity with the increase of the decoherence energy scale ⍀ * is most pronounced in the limit of weak repulsion, G T ӷ2ͱg ͓we again assume that () had reached Finkelstein's fixed point g ͔. In the opposite case of strong repulsion, G T Ӷ2ͱg, the ⍀ * dependence of G A is absent for t * ӷG T /ͱg when R T,eff (t * ) is t * independent. The reason is that strong repulsion makes Cooperons ineffective at scales ӷ 1 ϵ1/ g when all ␥ n 's with odd n vanish; see Sec. V C 2. Therefore, the reduction u(x)→ũ (x) at the scale * leaves the function u(x) intact, indicating that physical results are ⍀ * independent. They become ⍀ * dependent at relatively large scales when * Ͻ 1 , i.e., at ln( d /⍀ * )Ͻ2ͱg. The principal effect of ⍀ * is then to decrease G A with the increase of ⍀ * . Finally, we will dwell on the ⍀ * dependence of the noise power. According to Eq. ͑6.10͒, the latter is described by the function P S (t,t * ) which now depends on two RG ''time'' arguments. Equation ͑6.11͒ relates P S (t,t * ) to the zeroenergy expressions for G A (t * ) and P S (t * ). We start from the case of the weak interaction. The crossover from the tunnel ( P S ϭ3) to diffusive ( P S ϭ1) character of noise at t,t * ϳ1 is well described within the noninteracting approximation investigated above. To study the noise function in the vicinity of the interaction-induced peak in P S at t,t * ϳG T /ͱgӷ1 ͑cf. Fig. 13͒ we substitute the functions ⌼(s) and P S (s) shown in Figs. 8 and 13 , respectively, into Eq. ͑6.11͒. The resulting dependence of P S (s,s * ) as a function of s * is plotted in Fig. 18 for different values of s. We remind the reader that P S (s,s *
) is defined at s * Ͻs and reduces to the zero-energy result at coincident ''times'': P S (s * ,s * )ϭ P S (s *
). The latter function is sketched in Fig.  18 by the dashed line. Taking into account that s * ϭ g * ϭ(1/2ͱg)ln( d /⍀ * ), one obtains from Fig. 18 that P S decreases with the increase of the Cooperon decoherence energy scale ⍀ * ͑at t,t * ӷ1), as if the system becomes more diffusive. This trend is opposite to what one has in the noninteracting case when the increase of ⍀ * drives the system toward the tunnel limit, thus increasing P S . Note also that, contrary to P S (s) ͑cf. Fig. 13͒ , P S (s,s * ) shown in Fig. 18 is a monotonous function of s * at a fixed s. In the limit of strong repulsion, G T Ӷͱg, the zero-energy noise function P S (t) exhibits a crossover from the tunnel to diffusive regimes at tϳͱg/G T ӷ1. Nevertheless, P S (t,t * ) remains t * independent up to much smaller t * ϳG T /ͱg Ӷ1 corresponding to relatively large energy scales ln( d /⍀ * )Ӎ2ͱg. This effect is of the same origin as the above-mentioned ⍀ * independence of G A in the limit of strong repulsion.
VII. CONCLUSIONS
We have shown in this paper that electron transport through mesoscopic N-I-S structures can be fully described in terms of the Keldysh-space proximity action S prox ͓Q S ,Q N ͔, as defined in Eq. ͑3.13͒. This action is a functional of two matrices Q S and Q N , corresponding to the superconductive and normal leads. Throughout the paper, we choose the gauge with the normal lead being in equilibrium, with Q N ϭ⌳. The superconductive terminal is characterized by the matrix Q S which contains both the classical ( 1 ) and quantum ( 2 ) components of the order parameter phase. The physical response and correlation functions of any order can be determined from the proximity action by calculating the derivatives with respect to the quantum component at a given value of the classical component of the phase, as explained in the beginning of Sec. IV. In principle, the proximity action functional contains information about full charge transfer statistics ͑cf. Refs. 30, 31, and 33͒.
The proximity action functional is known once the set of ''charges'' ␥ n or, equivalently, the periodic function u(x), Eq. ͑3.9͒, is specified. It was explained in Sec. III C that the function u(x) is directly related to the generating functional for the transmission coefficients, introduced in Ref. 4 . Actually, the proximity action approach bears an obvious analogy with the scattering matrix approach 6, 4 as both describe transport properties in terms of the characteristics of the terminals ͑stationary-state Green functions of the terminals Q S,N in the former versus asymptotic scattering states in the latter approach͒. The proximity action method is well suited for the treatment of interaction effects in the contact region; the task which is out of reach for the standard scattering-matrix technique.
Actual calculation of the function u(x) that determines the proximity action is accomplished by the functional renormalization group method. In the simplest case ͑no interaction in the N region, and all relevant energies are much below the Thouless energy scale E Th ϭបD/L 2 ) the FRG equation reduces to the Euler equation ͑3.10͒ for 1D motion of a compressible gas. Although we derived this equation for the normal conductor of 2D geometry, its solution, Eq. ͑3.12͒, is applicable ͑being expressed in terms of the ratio tϭG T /G D of the tunneling to diffusive conductances͒ to any coherent conductor. If higher-energy scales ⍀уE Th or electronelectron interactions are involved, the applicability of our FRG procedure is limited to 2D diffusive conductors. The generalized FRG equation that takes into account interaction constant in the Cooper channel of the N conductor is given by Eq. ͑5.8͒. We derive this equation and analyze its solution in Sec. V analytically in two limiting cases of weak interaction of arbitrary sign and of strong repulsion. We also provide the results of numerical solution of Eq. ͑5.8͒ in the intermediate region of moderate repulsion. The main feature of the interaction effect in 2D is that it leads to the infraredgrowing corrections of the order of ln(L/d), which should be summed up nonperturbatively for the system of sufficiently large size L, for any value of the ratio G T /G D . This is in contrast with the 1D case ͑as treated in Ref. 17 for the case of the fully transparent interface, G T Ϫ1 ϭ0), where the interaction correction to the resistance was found to be small, of the order of itself.
The physical consequences of Cooper repulsion in a 2D proximity system depend on the relation between and the ratio G T /4g. For clarity, we assumed that the interaction constant had reached Finkelstein's fixed point ϭ1/2ͱg. Thus, strong repulsion corresponds to a relatively weak tunneling conductance G T Ӷ2ͱg and vice versa. It is convenient to characterize N-I-S transport in terms of an effective interface resistance R T,eff , so that the total resistance is equal to R D ϩR T,eff . If G T Ӷ2ͱg, then R T,eff Ϸ(4ͱg/G T )R T ӷR T . This asymptotic result is valid at tуG T /ͱg. At longer length scales, such that ln(L/d)уͱg, Cooperchannel correlations are irrelevant and the form of the proximity action coincides with that of an N-I-N structure, up to the replacements of charge quantum and tunneling resis- tance: e→2e and R T →R T,eff . As a particular example of this property, in Sec. V D we calculated the N-I-S noise intensity. In the opposite case, G T ӷ2ͱg, the evolution of R T,eff with the growth of t is rather unexpected ͑cf. Fig. 11͒ : first it decreases with t, reaches a minimum value of the order of R T at tϳ(G T /ͱg) 1/4 , and then grows up to the asymptotic value 0.6ប/e 2 ͱg at tуG T /ͱg. Nonmonotonous behavior with a maximum of relative height about 30% is demonstrated by the noise power as well; cf. Sec. V D.
At finite temperature, voltage, or magnetic field Cooperon coherence is destroyed at the time of the order of ប/⍀ * , where ⍀ * ϭmax(T,eV,eDH/c). We calculated the Andreev conductance and shot noise power in the presence of these phase-breaking effects in Sec. VI B for a noninteracting normal conductor. The role of phase-breaking effects in the presence of repulsion in the normal conductor is discussed in Sec. VI C. In the case of a highly transparent interface, G T ӷ2ͱg, and at R D ӷR T , an unusual ''finite-bias'' maximum of the Andreev conductance G A (⍀ * ) is predicted ͑cf. Fig.  17͒ , which is a consequence of the nonmonotonous behavior of R T,eff (t) mentioned above. Contrary to the well-known 35, 17 finite-bias anomaly at (T,eV)ϳE Th in the noninteracting case, this new anomaly is expected at a much larger value of ⍀ * /E Th . Moreover, it should be seen as a function of magnetic field as well. In simple terms the origin of this new effect can be understood as follows: repulsion in the normal metal produces a superconductive ''gap function'' in the normal conductor, ⌬ N , with negative ͑compared to ⌬ S in a superconductor͒ sign. Due to its opposite sign, ⌬ N decreases the conductance of the structure; therefore any decoherence that reduces ⌬ N leads to the increase of the conductance.
We did not consider in this paper the weak localization ͑WL͒ effect and the Coulomb zero-bias anomaly. The reason to neglect them, as explained in the Introduction, is that relative magnitudes of these effects scale as g Ϫ1 ͉ln ⍀͉. However, both of these effects have a high-frequency cutoff at the inverse elastic scattering time 1/, and their contributions to the tunneling and diffusive conductances from the energy scales d Ͻ⍀Ͻ1/ are not necessarily small. Since logarithmic corrections to the proximity action we have studied are coming from much lower-energy scales ⍀р d , these effects can be considered separately: high-frequency fluctuations can be accounted via the replacement of the bare conductances G T and g by their values corrected by the WL and ZBA effects at the energy scales d Ͻ⍀Ͻ1/, provided that the renormalized value of g is still large.
In this paper we consider the low-frequency case ӶE Th only. This limitation is due to technical complications: at higher frequencies the effects of dynamic screening should be taken into account, which makes the expression for the proximity action much more involved. However, it is possible to show that the results obtained for the Andreev conductance are still valid for frequencies up to a much higherfrequency scale max ͓defined after Eq. ͑4.5͔͒ at which the electroneutrality of the system sets in. Experimentally, N-S noise in the presence of high-frequency radiation (ӷE Th ) was studied in Ref. 38 . We leave theoretical consideration of this problem for the future. ͑C8͒
with the boundary conditions ( L )ϭ0 and (0) ϭϪ2a cos (0), where L ϭln(L/d). To the lowest order in d one obtains
͑C9͒
Taking into account that 2a L ϭaϵt, and evaluating expression ͑C9͒ at ϭ0, we obtain the spectral angle near the interface, d ϵ(ϭ0):
Distribution function and G A
To find G A we use the kinetic equation in the form developed in Ref. 17 . The current density near the N reservoir ͑at rϭL) is
where f 1 (E,r) is the anomalous ͑branch imbalance͒ distribution function, defined after Eq. ͑2.2͒. Note that Eq. ͑C11͒ is valid only at the boundary with the normal lead where ϭ0 ͑otherwise it should be modified by the presence of the supercurrent j s ϰ d ). The function f 1 (E,r) obeys the equation ٌD͑r,E ٌ͒ f 1 ͑ E,r ͒ϭ2⌬͑ r ͒sin ͑E,r͒ f 1 ͑ E,r ͒. ͑C12͒
We will assume that the normal reservoir is biased by the voltage V, so that the whole distribution function is shifted: F(E,L)ϭtanh(EϩeV z )/2TϷtanh(E/2T)ϩ z (eV/ 2T)cosh Ϫ2 (E/2T) and
At T→0 it is enough to consider Eq. ͑C12͒ at zero energy, where D(0,r)ϭD, and the solution for (0,r) is given by (0,r)ϭ d ln(L/r)/ln(L/d), with d given by Eq. ͑C10͒. Then equation for f 1 (r) reduces to
We seek the solution of Eq. ͑C14͒ in the form f 1 () ϭ f 1 (0) ()ϩ d f 1 (1) (), where
The function c(E) was defined in Eq. (). Using Eq. ͑C16͒ and the condition f 1
(1) ( L )ϭ0, we find the constants C 0 and C 1 , and obtain 
